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Span
Consider the vectors vy, ..., v, in R". The set of all linear combinations
C1U1 + -+ + ¢ Uy, Of the vectors vy, ..., U, is called their span:
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Some properties of the image

The image of a linear transformation 7' (from R™ to R") has the following
properties:
a. The zero vector 0 in R” is in the image of T'.

b. The image of T is closed under addition: If vy and v, are in the image
of T, then so is v + vs.

¢. The image of T is closed under scalar multiplication: If v is in the image
of T and k is an arbitrary scalar, then kv is in the image of T as well.
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The kernel® of a linear transformation 7' (x) = Ax from R” to R” consists of all
zeros of the transformation, that is, the solutions of the equation 7' (x) = Ax = 0.
See Figure 10, where we show the kernel along with the image.

In other words, the kernel of 7 is the solution set of the linear system

—

Ax = 0.
We denote the kernel of T by ker(T') or ker(A).
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Some properties of the kernel As @aw ;Mw?,@,.
Consider a linear transformation 7 from R" to R”,

a. The zero vector 0 in R™ is in the kernel of T
b. The kernel is closed under addition.
¢. The kernel is closed under scalar multiplication.
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For an n x n matrix A, the following statements are equivalent; that is, for a
given A, they are either all true or all false.

i. A is invertible.
ii. The linear system AX = b has a unique solution x, for all bin R,
iii. rref(A) = 1,. o
-8 2 )= S @ L, \a i
iv. rank(A) = n. \M«T(?O A* : )
v. im(A) = R".
vi. ker(A) = {0}.




Subspaces of R"

A subset W of the vector space R" is called a (linear) subspace of R" if it has
the following three properties:

a. W contains the zero vector in R”.

b. W is closed under addition: If w; and w, are both in W, then so is w; +
ws.

¢. W is closed under scalar multiplication: If w is in W and k is an arbitrary
scalar, then kw is in W.

Properties (b) and (c) together mean that W is closed under linear combina-
tions: If vectors wy, ..., w,, are in W and kq, ...k, are scalars, then the linear
combination kyw; + - - - + k,,W,, is in W as well.
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Kernel and relations

The vectors in the kernel of an n x m matrix A correspond to the linear relations
among the column vectors vy, ..., v,, of A: The equation

AX¥ =0 meansthat x;0;4+:--+ XUy, = 0.

In particular, the column vectors of A are linearly independent if (and only if)

ker(A) = {0}, or, equivalently, if rank(A) = m. This condition implies that
m<n R Become we ~sad wr lewd,o
<n. )
v afley.

Thus, we can find at most n linearly independent vectors in R".
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Basis and unique representation

Consider the vectors vy, ..., U,, in a subspace V of R”".
The vectors vy, ..., v, form a basis of V if (and only if) every vector v in
V can be expressed uniquely as a linear combination
V=iV rvst Ui
(we will call the coefficients ¢y, ..., ¢,, the coordinates of v with
respect to the basis vy, .. ., ﬁm.)
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