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If we denote the columns of A by vy, vs, ..., U,,, We can write
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The columns of the matrix product

-

Let B be an n x p matrix and A a p x m matrix with columns vy, v, ..., Up.
Then, the product BA is
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To find BA, we can multiply B by the columns of A and combine the
resulting vectors.
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The entries of the matrix product

Let B be ann x p matrix and A a p x m matrix. The ijth entry of B A is the dot
product of the ith row of B with the jth column of A.
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Distributive property for matrices

If A and B are n x p matrices, and C and D are p x m matrices, then

A(C + D) = AC + AD, and
(A+ B)C = AC + BC.
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If Aisann x p matrix, B is a p X m matrix, and k is a scalar, then

(kA)B = A(kB) = k(AB).
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Invertible matrices

A square matrix A 1s said to be invertible if the linear transformation
y = T(X) = AX is invertible. In this case, the matrix® of 7-! is denoted by
A~!.If the linear transformation y = T (X¥) = AX is invertible, then its inverse is

— s loi=

Invertibility
An n x n matrix A is invertible if (and only if)

ref(A) = I,
or, equivalently, if

rank(A) = n.
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Invertibility and linear systems

[Let A be an n X n matrix.

a. Consider a vector b in R™. If A is invertible, then the system AX = b

has the unique solution x = A~1b. If A is noninvertible, then the system
AX = b has infinitely many solutlons or none.




Invertibility and linear systems

Let A be an n X n matrix.

a. Consider a vector b in R". If A is invertible, then the system AX = b
has the_,unique solution x = A~'5. If A is noninvertible, then the system
AX = b has infinitely many solutions or none.

b. Consider the special case when b = 0. The system AX = 0 has ¥ = 0
as a solution. If A is invertible, then this is the only solution. If A is
noninvertible, then the system Ax = 0 has infinitely many solutions.
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Finding the inverse of a matrix

To find the inverse of an n x n matrix A, form the n x (2n) matrix [A | In] and
compute rref [A | LJ.
o If rref [A i In] is of the form [In i B} . then A is invertible, and A~! = B.

o If rref [A i In} 1s of another form (i.e., its left half fails to be /,,), then A
is not invertible. Note that the left half of rref | A | I, | is rref(A).

Ogecutions ou wverse madcices

The inverse of a product of matrices
If A and B are invertible n x n matrices, then B A is invertible as well, and

(BAY ' = A",
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(BAY ' = A",

Pay attention to the order of the matrices. (Order matters!)
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A criterion for invertibility

Let A and B be two n x n matrices such that
BA = I,.

Then

a. A and B are both invertible,
b. A~'! = Band B~! = A, and
¢ AB=1,.
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Inverse and determinant of a 2 x 2 matrix

a b
<[t 4
is invertible if (and only if) ad — bc # O.
Quantity ad — bc is called the determinant of A, written det(A):
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a. The 2 x 2 matrix

det(A) = det [‘C’ ] — ad — be.

b. If




