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Number of solutions of a linear system

A system of equations is said to be consistent if there is at least one solution; it
18 inconsistent if there are no solutions.

A linear system is inconsistent if (and only if) the reduced row-echelon form
of its augmented matrix contains the row [0 0 -+ 0] 1], representing the
equation 0 = 1.
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Number of equations vs. number of unknowns

a. If a linear system has exactly one solution, then there must be at least
as many equations as there are variables (m < n with the notation from

PraptdA) Joown absve )

Equivalently, we can formulate the contrapositive:

b. A linear system with fewer equations than unknowns (n < m) has either
no solutions or infinitely many solutions.
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Systems of n equations in n variables

A linear system of n equations in n variables has a unique solution if (and only
if) the rank of its coefficient matrix A is z. In this case,

1 0 0 --- 0

0 1 o 0
rref(A) = 0 0 1 sx¢ O ;

o 00 --- 1

the n x n matrix with 1’s along the diagonal and 0’s everywhere else.

Some Matrix operations
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Dot product of vectors

Consider two vectors v and w with components vy, ..., v, and wy, ..., w,, re-
spectively. Here v and w may be column or row vectors, and the two vectors
need not be of the same type. The dot product of v and w is defined to be the
scalar

Note that our definition of the dot product isn’t row-column-sensitive. The dot
product does not distinguish between row and column vectors.
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The product Ax
If A is an n x m matrix with row vectors wy, ..., w,, and X is a vector in R™,
then
— w; - Wy - X
AX = X =
ST W

In words, the ith component of AX is the dot product of the ith row of A with X.
Note that AX is a column vector with n components, that is, a vector in R”.
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The product Ax in terms of the columns of A

If the column vectors of an n x m matrix A are v,

..., U, and X is a vector in
R with components Xis «««s Lns then
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Linear combinations

A vector b in R” is called a linear combination of the vectors vy, ..., U,, in R”
it there exist scalars x;, ..., Xx,, such that
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Algebraic rules for Ax

If A is an n x m matrix, X and y are vectors in R”, and k is a scalar, then

a. A(Xx +y)=Ax + Ay, and
b. A(kx) = k(AX).
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Matrix form of a linear system

We can write the linear system with augmented matrix [A | I_ﬂ in matrix form
as
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