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Eigenvalues and determinants; characteristic equation

Consider an n x n matrix A and a scalar A. Then A is an eigenvalue of A if (and
only if)

det(A — Al,) = 0.

This 1s called the characteristic equation (or the secular equation) of matrix A.
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Trace

The sum of the diagonal entries of a square matrix A is called the frace of A,
denoted by tr A.
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Characteristic polynomial

If A is an n x n matrix, then det(A — Al,) 1s a polynomial of degree n, of the
form
(—2J" (e AN —B" 4=ss st A
— (=10 + (=1 L A)A™ > + « - - - det A.

This is called the characteristic polynomial of A, denoted by f4(A).
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Algebraic multiplicity of an eigenvalue

We say that an eigenvalue Ay of a square matrix A has algebraic multiplicity k
if Aq is a root of multiplicity k of the characteristic polynomial f4(4), meaning
that we can write

fa) = (o — A g()
for some polynomial g(1) with g(Xg) # 0. We write almu(iy) = k.
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Eigenvalues, determinant, and trace

If an n xn matrix A has the eigenvalues A1, As, ..., A,, listed with their algebraic
multiplicities, then

detA = AAy--- Ay, the product of the eigenvalues

and

trA=XxA +x+ --+2,, thesum of the eigenvalues.
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Eigenspaces

Consider an eigenvalue A of an n x n matrix A. Then the kernel of the matrix
A — Al, 1s called the eigenspace associated with A, denoted by £ :
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Geometric multiplicity

Consider an eigenvalue A of an n x n matrix A. The dimension of eigenspace
E;, = ker(A — Al,) is called the geometric multiplicity of eigenvalue A, denoted
gemu(A). Thus,

cemn(A) = nillitv(A — A1) = n —rank(A — ) 1.\



Geometric multiplicity

Consider an eigenvalue A of an n x n matrix A. The dimension of eigenspace
E, = ker(A — Al,) is called the geometric multiplicity of eigenvalue A, denoted
gemu(A). Thus,

gemu(A) = nullity(A — Al,) = n — rank(A — Al,)
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Eigenbases and geometric multiplicities

a. Consider an n x n matrix A. If we find a basis of each elgenspace of A
and concatenate all these bases, then the resulting eigenvectors vy, . . ., Uy
will be linearly independent. (Note that s 1s the sum of the geometric
multiplicities of the eigenvalues of A.) This result implies that s < n.

b. Matrix A is diagonalizable if (and only if) the geometric multiplicities of
the eigenvalues add up to n (meaning that s = »n in part a).
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An n x n matrix with n distinct eigenvalues

If an n x n matrix A has n distinct eigenvalues, then A is diagonalizable. We can
construct an eigenbasis by finding an eigenvector for each eigenvalue.




