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Linearity of the determinant in the rows and columns

Consider fixed row vectors vy, ..., U;_1, Uit1, - - . , U, with n components. Then
the function
B —T
T(x)=det| — x — from R to R
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1s a linear transformation. This property is referred to as linearity of the deter-
minant in the ith row. Likewise, the determinant is linear in all the columns.
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Elementary row operations and determinants

a. If B is obtained from A bv dividine a row of A bv a scalar k. then



Elementary row operations and determinants
a. If B is obtained from A by dividing a row of A by a scalar &, then
det B = (1/k)det A.
b. If B is obtained from A by a row swap, then
det B = — det A.

We say that the determinant is alternating on the rows.

c¢. If B is obtained from A by adding a multiple of a row of A to another
row, then

det B = det A.

Analogous results hold for elementary column operations.
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Using Gauss—Jordan elimination to compute the determinant

a. Consider an invertible n x n matrix A. Suppose you swap rows s times
as you compute rref A = [,,, and you divide various rows by the scalars
kl, kg, E5% 4 kr. Then

det A = (—D)’kiks -+ -k,

b. In fact, it is not always sensible to reduce A all the way to rref A. Suppose
you can use elementary row operations to transform A into some matrix B
whose determinant is easy to compute (B might be a triangular matrix, for
example). Suppose you swap rows s times as you transform A into B, and
you divide various rows by the scalars &y, k3, ..., k,. Then

detA = (—1)°k1ky - - - k, det B.
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Minors

For an n x n matrix A, let A;; be the matrix obtained by omitting the ith row
and the jth column of A. The determinant of the (n — 1) x (n — 1) matrix A;; is
called a minor of A.
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Laplace expansion (or cofactor expansion)

We can compute the determinant of an n x n matrix A by Laplace expansion
down any column or along any row.
Expansion down the jth column:

det A =) (—=1)""a;; det(A;)).
=1

Expansion along the ith row:

detA =) (=1 a;; det(Aj)).
j=1




