Nine Chapters on the Mathematical Art by Jiuzhang
Suanshu, more than 2000 years ago.

The yield of one bundle of inferior rice, two bundles of medium grade rice, and
three bundles of superior rice is 39 dou of grain. The yield of one bundle of
inferior rice, three bundles of medium grade rice, and two bundles of superior
rice is 34 dou. The yield of three bundles of inferior rice, two bundles of medium
grain rice, and one bundle of superior rice is 26 dou. What is the yield of one
bundle of each grade of rice?
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The Geometry of Linear Equations

Any list of numbers (s4,5,,:*, S,) can be thought of as a point in n-dimensional space, called a
real vector space. We denote that vector space by R"

So if we are considering linear equations with n unknowns, the solutions are points in R

Now, any linear equation defines a point set with dimension one less than the space. For example:
e if we are in 2-space (2 unknowns), a linear equation defines a line.
e if we are in 3-space (3 unknowns), a linear equation defines a plane.

* in higher dimensions, we refer to all such sets as hyperplanes.

Question: why does a linear equation define a point-set of dimension one less than the space?
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A System with Infinitely many Solutions
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A System without Solutions

X+ 1 3. =0 X &y =
3 : 0\4-&'-4" QAI'W'II‘-ﬂux\'OV\

‘rx+5‘31‘o1. =3 > 9y +12 =-1

Ix+ ¥y ¢ 32 =0 0O =-6

W howbever \/w/cu-») we choore %.3(‘ (x)ﬂ:i) the &VQQ/(‘]‘O""' O=~6



WL\WGWW Vw/wb) V24 (,(1001-: %.9(‘ ()():,, i) -é("-t e‘yq‘vé'.:hm 0:“6
wAll nver e S‘Ué"i@en"-/é- The 5%'6@“1 1§ eaton s e, tlet £ T
’/u..); o 90&)6:’%—5.



|Y+ 2\3-\- 32:35

17 =
We solved The previous spteme 1 X+ 33"’ 1= 34 )

EB_MZZ?S wﬂ“"C'“a with, \al M 43)( T 7’3 "'\L = ?'b
§07 w0, Bl :) V\'Uz/:\ 'éo /ooZ( p.jf, o(\ l\w{\eﬁg/m{w{ er*@.:) o;{_ /lmuétrj
Ll appr’y SOy
g N R
| e 5 35 s Fows
1 2 v 34 D 3 s
5 2 A (AR /

Thy 15 calleh a makeix  Thio wmadeiy by D rows  wnd
61 Coluuu\/\M S0 “k 'S ’ba\"‘] MM)&"X (,(5““,{[3 Mq/\(t ' M(l‘b‘)

A ) <Oh4 an_ C{!’b qf{ﬂ) oxe {G\L)Q/{Lf/ia é JO‘AJ,Q 5Q'J"SHW{-S

Q2 Qeq Q-w, a?."\ The w—-/( Rﬁvs o ‘{4\» R
a")l q’n CL,, C‘scl o ¢ Qz_z,ou\/i o%\z. Colamn.



©

MCQ q;-h 3 ‘ocM om 7 cow W’\A '5“" ol WM n.

a,hdt-\\j OA Ma\)!tr;u:,f A.:Q) <".::.> aié:ei'a M A;% S S0
Ao AnxA<=> A 5 a s e maderix
A S
A (P cliq%ovm) L= q;-) "'-'-‘O 34 Z*a
A 19 uqe&f ‘t""%v\tculM (=5 q-.-a--o w e, i.?}

A-"—'O ‘19 & wro mateiX (=D a-.s-.-.O gor Al 2);.

Nete ddlartt nclchion Jor (eremtiesiy c.D — S¢
A_[l 2 3]z3_[| 222\(:3(2) 3 o ?}4)6 ,J(Uwe’
— . = ; = . - VG
4 5 6 3 4 0 0 0 ra"""

C, 0- vpper '{(‘\'M?’_

5 0 O
2 3] ,
D= : =14 0O 0}, e



Mm}&n;% wiMﬂv O“l/j one Now or Co/wmm. ol d 04
(Ioc/«r‘(:fcm/w( iwtere St

Vectors and vector spaces

A matnx with only one column is called a column vector, or simply a vector. The
entries of a vector are called its components. The set of all column vectors with
n components is denoted by R"; we will refer to R" as a vector space.

A matrix with only one row is called a row vector.
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» P1: The leading coefficient in each equation is 1. (The leading coefficient is
the coefficient of the leading variable.)

o P2: The leading variable in each equation does not appear in any of the other
equations. (Forexample, the leading variable x; of the second equation appears
neither in the first nor in the third equation.)

e P3:The leading variables appear in the “natural order,” with increasing indices
as we go down the system (xj, x3, x4 as opposed to x3, x|, x4, for example).
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. To satisfy this requirement, we will swap the
second equation with the third equation. (In the following summary, we will specify
when such a swap is indicated and how it is to be performed.)

Then we can eliminate x3 from the first and fourth equations.
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Solving a system of linear equations
We proceed from equation to equation, from top to bottom.

Suppose we get to the ith equation. Let x; be the leading variable of the
system consisting of the ith and all the subsequent equations. (If no variables are
left in this system, then the process comes to an end.)

o If x; does not appear in the ith equation, swap the ith equation with the first
equation below that does contain x ;.

 Suppose the coefficient of x; in the ith equation is c; thus this equation is of
the form ¢x; + --- = - --. Divide the ith equation by c.

e Eliminate x; from all the other equations, above and below the ith, by sub-
tracting suitable multiples of the ith equation from the others.

Now proceed to the next equation.

If an equation zero = nonzero emerges in this process, then the system fails
to have solutions; the system is inconsistent.

When you are through without encountering an inconsistency, solve each
equation for its leading variable. You may choose the nonleading variables freely;
the leading vanables are then determined by these choices.




Reduced row-echelon form

A matrix is in reduced row-echelon form if it satisfies all of the following
conditions:

a. If a row has nonzero entries, then the first nonzero entry is a 1, called the
leading 1 (or pivot) in this row.
b. If acolumn contains a leading 1, then all the other entries in that column are 0.

c. If a row contains a leading 1, then each row above it contains a leading 1
further to the left.

Condition c implies that rows of Qs if any, appear at the bottom of the matrix.

Conditions a, b, and ¢ defining the reduced row-echelon form correspond to the
conditions P1, P2, and P3 that we imposed on the system.
Note that the leading 1’s in the matrix

(260 3
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00 00 0!0

correspond to the leading variables in the reduced system,

’@+2x2 + 3xs = 2
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The operations we perform when bringing a matrix into reduced row-echelon
form are referred to as elementary row operations. Let’s review the three types of
such operations.

Types of elementary row operations
e Divide a row by a nonzero scalar.
e Subtract a multiple of a row from another row.

e Swap two rows.




